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Abstract 



The twist 2 and twist 3 contributions of the polarized deep-inelastic structure functions are cal- 
culated both for neutral and charged current interactions using the operator product expansion 
in lowest order in QCD. The relations between the different structure functions are determined. 
New integral relations are derived between the twist 2 contributions of the structure functions 
g^{x, Q^) and g^{x^ Q"^) and between combinations of the twist 3 contributions to the structure 
functions g2{x,Q^) and (73(0;, Q^). The sum rules for polarized deep inelastic scattering are 
discussed in detail. 



1 Introduction 



The investigation of the nucleon structure by polarized deep-inelastic lepton scattering off 
polarized targets revealed a rich structure of phenomena during the last years So far only 
the case of polarized deep-inelastic photon scattering has been studied experimentally for lower 
values of . In the future possible polarized deep- inelastic scattering experiments at the 
RHIC collider and HERA may be considered in a much wider kinematic range in which the 
contributions of also the weak currents are important. For this general case the scattering cross 
sections are determined by five different polarized structure functions, if lepton mass effects are 
disregarded. 

The light-cone expansion proofed to be one of the most powerful techniques to describe 
the behavior of deep- inelastic scattering structure functions in the Bjorken limit [^. Whereas 
the case of unpolarized deep-inelastic scattering and polarized scattering with pure photon 
exchange are well understood |^ still differing results are reported for polarized deep- inelastic 
scattering including weak neutral and charged current interactions, see e.g. refs. |§]-[|T^ . 

In previous investigations different techniques were used to derive relations between the po- 
larized structure functions. In refs. the structure functions were calculated in the parton 



model. Some of the investigations deal with the case of longitudinal polarization only |TD 



In other studies light-cone current algebra [11|-[13| and the operator product expansion were 



used |14|-1T^. Furthermore, the structure functions g'^ and g'^ were also calculated in the 



covariant parton model in refs. |T^, . Still a thorough agreement between the different 
approaches has not been obtained. 

Unlike the structure functions in deep-inelastic scattering off unpolarized targets, two of the 
structure functions of polarized nucleons, giix^Q'^^ and g^^XjQ"^), contain besides the twist 2 
terms also twist 3 contributions. The determination of these contributions to polarized struc- 
ture functions is a great challenge to experiment. It requires a precise measurement of the 
deep-inelastic scattering structure functions for transversely polarized targets[| Polarized deep- 
inelastic scattering allows thus to test predictions of QCD in a new domain. Furthermore, to 
unfold also the flavor structure of these contributions charged current polarized deep-inelastic 
scattering has to be studied^ which is experimentally extremely difficult. 

It is the aim of the present paper to derive the relations for the complete set of the polarized 
structure functions including weak interactions, which are not associated with terms in the 
scattering cross section vanishing as miepton ~^ 0, accounting both for their twist 2 and twist 3 
contributions. The calculation is performed applying the operator product expansion. 

As it turns out, the twist 2 contributions for only two out of the five polarized struc- 
ture functions, corresponding to the respective current combinations, are linearly independent. 
Therefore three linear operators have to exist which determine the twist 2 contributions of the 
remaining three structure functions over a basis of two in lowest order QCD. Two of them are 
given by the Wandzura-Wilczek relation and a relation by Dicus []rT| . A third new relation 
is derived. 

The structure function g3{x,Q'^) contributes only in the exchange of a weak current. We 
derive also a new relation between combinations of its twist 3 contribution and corresponding 
contributions to the structure function g2{x, Q^). New sum rules based on this relation can be 

^For first experimental results see ref. [ pO[ . 

^This possibility has been considered already earlier in ref. ||]. 
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obtained. A brief summary of our results for the twist 2 terms for neutral current deep-inelastic 
scattering has already appeared 

The paper is organized as follows. In section 2 basic notations are introduced and the Born 
cross sections for polarized deep-inelastic scattering are discussed. The structure of the forward 
Compton amplitude and the crossing relations for the case of neutral and charged electroweak 
currents are derived in section 3. In section 4 a detailed derivation of the operator product 
expansion is presented. Relations between the moments of the structure functions are derived 
in section 5. In section 6 a critical account is given on sum rules discussed in the literature, 
and section 7 contains the conclusions. 



2 The Born Cross Sections 

The differential Born cross section for polarized lepton-polarized nucleon scattering reads 



dxdydd Q'^ 



T.^rmLrwr. (i) 



Here the index i denotes the different current combinations, i.e. i = |7p, {jZl, \Z\^ for the 
neutral, and i = or IW^"*"!^ for the charged current interactions. 6 is the azimuthal angle 

of the final-state lepton, x = Q'^/{2P.q) and y = P.q/k.P are the Bjorken variables, with 
q = k — k' the four momentum transferred, k and k' the initial and final-state lepton, P the 
proton 4- momenta, respectively, and = —q^. The factors f]i{Q'^) denote the ratios of the 
corresponding propagator terms to the photon propagator squared. 



a denotes the fine structure constant, is the Fermi constant and Mz and Mw are the Z 
and W boson masses. 

The leptonic tensor has the following form: 

= E [^(A:', A')7M(^?y +^?A75)«(fc, A)]*^(fc', A')7.(^?^^ +^?A^75)«(fc, A). (3) 

A' 

A and A' denote the helicity of the initial and final-state lepton. The indices ii and ^2 refer to 
the currents forming the combinations i in eq. ([l|). The vector and axial vector couplings are 

9v =1' 9a = 0> 

9v = ~ + 2sm^ew, gl = \, (4) 

= 1, 9T = -1, 
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for negatively charged initial-state leptons and neutrinos. Here 6w denotes the weak mixing 
angle. For positively charged leptons and antineutrinos the sign of the axial vector couplings 
is reversed. 



The hadronic tensor is given by 

W;^ = ^j d'xe^^^PS I [.r;{x)\ J-(0)] I PS). (5) 

S denotes the nucleon spin 4- vector with, S ■ P = 0. In the following we normalize S*^ = — M^, 
where M is the nucleon mass. In the framework of the quark-parton model the currents 
read 

Jf^i^) = Y.(lMhp^(9v + 9A^l5)qf{x)Uff', (6) 

where ^'(^■^ are the electroweak couplings of the quark labeled by /. For charged current 
interactions Uff denotes the Cabibbo-Kobayashi-Maskawa matrix and gv = 1, qa = — 1, 
whereas for neutral current interactions Uff = 6ff', gy = Cq, qa = ioi 'j, and 

14 1 

9v = o~Q^^^^^^' 9a = -o' q = u,c 

2 3 2 7 

12 1 
9v = -2 + 3sin^^iy, Qa = 2' Q = d,s 

for Z boson exchange. For antiquarks the sign of reverses. 

The hadronic tensor is constructed requiring Lorentz and time-reversal invariance, as well 
as current conservation.^ The general structure of the hadronic tensor is 

W,, = {-g^, + ^i)F,{x,Q') + ^F2{x,Q')-ze,,,,^F,{x,Q') 

P ■ q IP ■ q 

+ ie^uXa^—^gi{x,Q )+te^uXa (P~qy 92{x,Q ) 

, ^ P,S, + S,P, PJ^ gsix^T) 

+ ^ 2 '^W^^ P-q 

+ s ■ q^^M^^ Q") + ^-9,^ + Q^), (8) 

with 

Here the current indices were suppressed. The hadronic tensor depends in general on three 
unpolarized structure functions Fi and five polarized structure functions gi. The notation for 
the structure functions F^, gi and (72 is widely unique in the literature, however, different 



^ Hadronic tensors with a violation of current conservation have been discussed in the hterature, see e.g. 
ref. MM. 



notations are used for the structure functions g^^g^ and g^. For later comparisons, we list the 
main conventions used by other authors in Table 1. 

From eqs. (|I]), (0) and (^) one obtains the differential scattering cross sections of a lepton 
with helicity A off a polarized nucleon. For convenience we will consider two projections of the 
nucleon spin vector, choosing the spin direction longitudinally and transversely to the nucleon 
momentum. In the nucleon rest frame one has 

5*^ = (0,0, 0,M), 

St = M(0,cosa,sina,0). (10) 



our notation 


§ 


i 




1 


11 


1 


Ih All 


9i 

92 
93 
94 

95 


91 

92 

-93 

g4 - g3 

-95 


91 

92 
95 

94 + g5 
-g3 


91 

92 

{94-95)/'^ 

94 
93 


F3 + F4 

-F4 
2Fs 
2Fs + Fj 
F,/{2x)-Fe 


2(Fi + F2) 
-2F2 
4F4 
2(F6 + 2F4) 
FjI{2x) - 2F5 




1 


13 


1 


\ 


15, 


23 1 
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m 


m 


91 

92 
93 
94 

95 


Gi + G2 

-G2 
2G3 

2(j4 + G5 

— G4 


91 

92 

bi + b2 

02 + &1 + 62 

ai 


91 

92 

(^2 - As)/2 
A2 
Ai 


F2l{2x) 
-2F3 


Mz/Im Gi/tx 
-vHm G2/{M'n) 



Table 1: A comparison of different conventions to denote the polarized nucleon structure functions. 



The scattering cross section for longitudinal nucleon polarization reads 



(fa{\±SL) 
dxdy 



2^^Sl E C^V^{Q^) y'2xFl + 2 1 - y 



xyM^ 



± 



-2Xy (^2-y 
' 2xM^ 



S 



F'i -2\y[l 



xFi 



2 1 + 



S 



2xyM^ 
S 



yx'^M'^ 



xg\ + 8A 



-91 + 



xyM"^ 
S 



g^ - 2xy^ 1 + 



S \ 
2xM^ 



S 



l-y- 



95 



xyM"^ 
S 



\93 

(11) 



Correspondingly, for transversely polarized nucleons one obtains 
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dV(A, ±St) 
dxdydcj) 



s^,Y.c^m{Q') [y'2xFi + 2(1- y- 



± 2 




cos (a - 4)) [-2\yxg\ - AXgl 

xyM'^^ 



y 



s 



94 + y 2xgl 



(12) 



Here = 1, C^^ = gv + )^9a, = {qv + Ma?, and C^^ = (1 ± A). As well known, the 
contributions of the structure functions g\ and g\ are suppressed by a factor of M'^/S in the 
longitudinal spin asymmetries = d'^a{X,SL) — d'^a{X, —Sl). However, they contribute at 
the same strength as the other structure functions to the transverse spin asymmetries = 
d^a{X,ST)-d^a{X,-ST). 



3 The Forward Compton Amplitude 



The forward Compton amplitude T^j, is related to the hadronic tensor by 

1 

with 



= t;^, (13) 



T;^ = ^| d^'xe^'^'^PS \ iTjf{xU^iO))\PS). (14) 
It can be represented in terms of the amphtudes and Al as 

= (-^.. + ^)T^(?^-) + ^T|(,^.)-^e,.,<,^T3^(g^.) 

^ P^iSy + S^Py P^iPy 1 A\[(f^ u) 

+ ^ 2 ^ ■ ^ (PT^^ 

+ S ■ q^Aliq^ + {-g,y + ^)^^K^^ (15) 
where u = P.q. The structure functions gi{x,Q'^) and amplitudes ylj(g^,i/) are related by 

52,4(2;, Q') = l-^lmA^^q^u). (16) 
Subsequently we will consider the polarized part of T^^ only. 
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For neutral current interactions the current operators obey 



77 



Therefore, the crossing relation for the amplitude for g — > — g, P ^ P reads 
The corresponding relations for the amplitudes ^(g^, u) are 

Furthermore, the amplitudes obey the following forward dispersion relations : 

2 roo 



(17) 
(18) 



(19) 



(20) 



For the charged current interactions it is suitable to study the linear combination of ampli- 
tudes 



Due to the transformation 



the following crossing relations hold : 

T^{q\-v)^±T^{q\v). 
Correspondingly, one obtains for the combination of the amplitudes 



the relations 



The respective dispersion re^ 



ations for Af^q^, v) and A[{q^, v) are: 



(21) 

(22) 
(23) 

(24) 



(25) 



TT 

_ 2 r 

/ 



Q2/2 — i/' 



2/2 i/(i/'2 — i/2) 



Im 



TT yQ2/2 i/2('j^/2 _ j^2') 



Im 



(26) 



For the case of charged current interactions we introduce the structure function combinations 

gf{x,Q')=gr{x,Q')±9r{^.Q')- (27) 

The integral representations of the amphtudes A^'^ and Af can be finally expressed by the 
moments of the corresponding structure functions as 

4M2 ^ 1 /•! 



n=0,2... 

Ar^^q^u) = ^ E dyy-gr^\y,Q'), (28) 

^ n=l,3... 



and 



^^,3(g^-) = ^ E 3^ / c^yyX3(2/,Q^), 

n=-l,l... ■^'J 

^2,4(9',^) = E Z^i dyy''92,MQ')^ 

n=-l,l... •^'J 

^5(9^^) = -- E dyy''9^{y.Q'). (29) 



performing a Taylor expansion of eqs. (|20| , ^61) and using eqs. (0, |23), where a; = Q /{2u) and 
2/ = QV(2^')- 



4 Operator product expansion 

The operator product expansion is one of the most general formalisms to analyze the properties 
of the structure functions in deep-inelastic scattering. We apply it to the T-product of two 
electroweak currents, 

f;, = T{Ji-\x)xjm- (30) 

Near the light cone one obtains for neutral currents 

+ q{^)lu{9v2+ 9A2lb)S{-x)-i^,{gv^+ gArl->)P^q{x), (31) 
and for the charged current combinations 

Ti. = T^.~^TX. (32) 

T^v = q{xhf^{gvi+9A^i5)S{ x)-f^{gv2+gA2i5)P^q{0) 

± q{0hu{gv2+9A2l5)S{-x)-^^{gv,+gA^l5)P^q{x). (33) 
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Here we used the projectors 



P+ = 1, P = T3, (34) 

with 

/ 



T"3 



1 
-1 



and suppressed the flavor indices and the Cabibbo-Kobayashi-Maskawa matrix for brevity. If 
not stated otherwise, we will not distinguish the neutral current case from the charged current 



+ combination subsequently. The quark and antiquark states in eqs. (0, ^3|) are understood 



as singlets for neutral current interactions and as doublets for charged current interactions. In 



eqs. (|3l|) and 



denotes the free quark propagator. 

We rewrite the above relations for and using 

Sf_iau/3 = gfj.agul3 + gfi/Sgua — giivgafi- (36) 

For the spin dependent part of T^^ one obtains 

^/i',spm = (27r)^(a:^ - zO)^ {^"^'^QV^gV^ + gA^gA^^iJiavliU% + {gvigAi + gAigv2)S,,aupu'^] , (37) 

T^u,spin = (27r)^(x^ - io)^ {~^(9vigv2 + gAigAi)^^^^'"- + (gvigAi + gAigv2)Sf^aui3v+^ , (38) 

with 

ui = g(x)7^75i^+g(0) ± qiOh^^.P'-qix), (39) 

vi = g(x)7^75i^'g(0) ± qiOh^^.P-qix). (40) 
The operators in eq. (|37|) can be represented by the following Taylor series around x = 



g(x)7^5P^g(0) = ^^^a;^,...a;^„g(0)7^5I^^^../^'^"P^9(0), 

g(0)7^5P^g(x) = E^^^m•••^Mn^(o)7^5/^'^^..^''"P^g(o), (4i) 



for which 



Tnu,spin = (27r)^(x^ — z0)2 \'^\9VigV2 + gAlgA2)£^lau|3P+ 

- {gvigA2+ gAigv2)Sf,aupP-'^} , (42) 
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T^u,spin = (27r)2(x2 - iO)^ + 9A^gA2>£^,auf3P- 

- {9Vi9A2+ 9A^9V2)S^,au|3p+'^} (43) 

is obtained. Here we used the abbreviations 

n even 



n odd 



for which it is convenient to define (cf. e.g. [p5|] ) 



pf^ E ^^x,,...2x,„e±^^^-^"> (44) 



n even/odd 



for later analysis. The Fourier transforms of eqs. (|4^, read 

= ^ / ^^^^'^"^ (a;2^ {^(^V'l^Va + 9Ai9A2)£fiauppX'^ + {9Vi9A2 + 9A^9V2)S^,aupP-'^} 

= -^{9v,9V2+9M9A2)e,.upq'' E • • • f 4) 0+/'i^-'^"> 

n even \ ^; / 

+ {9v.9A2+9A.9v2)\-9,u E ^'^^ • • • ^'^'^ f 4) 0+^^^'^-'^"> 

?i even \ ^i; / 

_j_ ^ g'^i . . . g'^" j j _j_ Q+i^iAiMi-.-Mnj-jj ^ ^^^^ 

n even \ Q / 



and 



= ^ y ^^^^'^"^ (x2 - zO) + ^Ai^A2)^Mai./3P-^ + (^Vi^Aa + 9A^9V2)S^,avpP+'^] 

= -^(^7y.^7y. + ^7a,^7aJ E ^'^^ • • • ?^ e-'^^^-'^"> 

n odd V*^ / 

+ {9v,9A2+9A,9V2)[-9,uY.<l'''---<i'''{T^ e-^^^^--'^"} 

n odd / 

/ 2 \ 

_|_ ^ g/^i . . . g/^" I ] (^@-M{'^Mi---/in} _|_ 0-i'{/iMi---/in}-jj _ J^^g-j 

n odd / 

The operators Q'^P{^^^■■■|^^^ can be decomposed into a symmetric and a remainder part, Qs 
and 9/^, respectively 

0±/3{Mi...Atn} — Q±/3{Mi---/in} _|_ 0±/3{/ii]...M„} ^^j^ 



where 



e 



±/3{/^i.../i„} 



1 



e 



±/3{Ml]---Ain} 
R 



n + l 
1 



n + l 

The nucleoli matrix elements of these operators are 



Q±|3{^ll■■■^J.n} _|_ Q±^^l{|3■■■^^n} _|_ _|_ QiMniMl-../?} 



Q±/3{Atl.../i,i} _ 0±A«l{/3---Mn} _j_ Q±/3{AtlM2---/in} _ Q ±/i2 {/^l ■ -/^n } _j_ 



(48) 



n + l 
n + l 



^/3p/.ipM2___pM„ + ^Mip/3pM2___pMn + _ traces] , (49) 

^^/3p/il _ 5*^1 p/'^ pM2 pMn 

;5/3pMn _ ^Mnp/3A pMipM3___pMn-i _ t^acesl . (50) 



The matrix elements and o?^ are the expectation values of twist 2 and twist 3 operators, 
respectively. For the contractions related to the structure functions g2 one may use a simplified 
version of (|5(]|), cf. JH] , 



(P5|e 



±/3{/xi].../i„} 



\PS) 



n + l 



S^P^^ - S^'Pn P^'...P^" - traces 



(51) 



Note, however, that this is not possible for the contractions emerging in the case of the structure 
functions g^. 

Finally we obtain for the expectation values of the forward Compton amplitude between 
nucleon states 

V nt^cn [n+l n + l 

{S.q) 



T, 



fiu,spin 



+ {9v,9A2+ gA^gv2)\-9tJiv— ^TT 



n odd 



2 ^ 1 



+ a. 



n odd 

pn p 



X" 



2a^ + {n-l)d+ ( S^'P" + Pf'S" P'^P'^ 



n + l 



(S.q) 



V 



iS.q) 



(52) 



" ij,iy,spin 



+ 



-i{9vi9v2 +9Ai9a2 



V 



E - 

^ ^ J J 



n odd 



+1 



n + l 



n + l 



, , f [S.q) ^ a_ 

+ \9v^9A2^ 9A^9v2)\-9i.v— 2^ 



2a: 



[n-l)d- (S^P'' + P^S'' P^P"" 



n + l 



(S.q) 



pti pu 

+ an—^iS.q) 



(53) 



Here we arranged the structure as in eq. (|T5D according to the contributions to the different 
amplitudes. 
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5 Relations between the Moments of Structure Func- 
tions 



From eqs. (|52D and (^) one derives the following representations for the amplitudes y4f*-^(g^, u) 
and Af{q^,iy) : 







A/f2 

V 


US'yj + \9a) l^n 

n even 








n even + 1) 






z/ 


n^d x"(n + l) 








n odd 






V 


n odd 



(54) 



and 





M2 

V 


E 

n odd 




~^ 


E 

n odd 




V 


E 

n even 




~^ 


E 

n even 




V 


E 

n even 



X 



71+1 



xn+i(^n + 1) 

4gWAi2an'+in-l)d-^ 
x"(n + 1) 



-9^ 



n 



X 



X 



n+1 



(55) 



On the other hand, the representations eq. ( pSf ) and ( pOj) are valid, from which the following 
relations between the operator matrix elements a^''^ and d^''^ and the moments of the structure 
functions (^f *"'^(x, Q"^) are obtained^] : 



/'da:x"^r'+(x,g2) = E 



-, n = 0,2... 



4(n + 1) 



n = 2,4 .. 



['dxx-g^'''+{x,Q') = J29Wa<Ii^ n = 2,4... 
l'dxx-gr'^ix,Q') = E^^4^, n = l,3... 



(56) 
(57) 

(58) 
(59) 
(60) 



Note that a misprint in eq. (17), ||2^, was corrected in eq. 

11 



and 



dxx'^g^ {x, 



dxx^g^ (x, 



^ , n - i, J ... 



Jo g 

f dxx''g^{x,Q^) = Y.9v9a 
Jo „ 



4(n + 1) 

9v9Ai'^'^n+l + '^'^n+l) 



(n + 2) 



n = 1, 3 ... 



(^n+l^ — 1, 3 



E^?^, n = 0,2.... 



(61) 
(62) 

(63) 
(64) 
(65) 



Eqs. (^ ^) differ from corresponding results obtained in ref. for cliarged current interac- 
tions. As evident from eqs. (p6|-p5|) only the structure functions g2{x, Q^) and gl{x, Q^) contain 
twist 3 contributions. 

Let us first consider the twist 2 contributions to the different structure functions. From 
eqs. (|5|j53j61|j6g) 



dxx^g\{x, 



n + 1 /■! 



dxx'^g^ix, 



(66) 



n Jo 

follows, where n = 2, 4... for i = NC, + and n = 1, 3... for i = —. If an analytic continuation of 
the moment-index n to the complex plane is performed for eq. (§6j), one obtains the Wandzura- 



Wilczek relation 21 



gl{x,Q') = -g\{x,Q^)+ C %l{y,Q'). 

Jx y 

Although it is formally consistent with the Burkhardt-Cottingham sum rule p4 

/ dxg\{x,Q^) = 0, 
Jo 



(67) 



(68) 



the 0th moment of the structure functions g^ix^Q"^) is not described by the local operator 
product expansion. 



Eqs. (pq-pOD and (p3|-|65D yield the following relations between the parity violating spin- 
dependent structure functions 



n + 2 /•! 



dxx'^g^x, 



2 Jo 

with n = 2, 4... for the i = NC, + exchange and n = 1, 3... for the i = —, and 



dxx'^gKx, 



^ £dxx--'glix,Q'' 



(69) 



(70) 



with n = 1, 3... for the i = NC, + and n = 2, 4... for the i = —. Analytic continuation leads to 
the new relations 

g,\x,Q') = 2x f'%^{y,Q'), (71) 

Jx 
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and 



X y 



From (58) and (|60D a new sum rule 



dxig^'^'^ix, Q') - 2xg^^^^{x, Q')] = 0, 

Jo 



(72) 



(73) 



is derived, which is not sensitive to the twist 3 contributions. 



From eqs. 



15 i^M?r-^ -M? 



65|) follows the relation 
1 



dxx''gl{x,Q'') = 2 / dxx^'+^glix.Q 



(74) 



-. Eq. ( |7^ yields the Dicus relation 



where n = 2,4... for i = NC,+ and n = 1,3... for i - 

HQ: 

gl{x,Q') = 2xgl{x,Q^). (75) 

The latter equation is a strict relation for the structure functions g^ and g^ in lowest order 
QCD, since both structure functions contain no twist 3 contributions. 

The relations (^, [7^) , and ([75| ) provide the linear maps of a basis formed by the twist 2 
contributions to gl{x, Q"^) and gl{x, Q"^) to the complete set of the twist 2 terms of the polarized 
structure functions in lowest order QCD. 

Let us finally consider the twist 3 parts of the structure functions g2{x,Q'^) and gs{x,Q'^). 
We define the twist 3 contribution to g2{x, Q^) and gs^x, Q^) by 



g'^\x,Q') = g,(x,Q')+g,ix,Q')~ r%,iy,Q' 

Jx y 

9f\x,Q') = g,(x,Q')-Ax f'^g,iy,Q'). 

Jx y 



(76) 
(77) 



The right hand sides of the eqs. (|7^) describe the violation of the Wandzura-Wilczek relation 
and the twist 2 relation, eq. (|7^), in lowest order QCD, respectively, in the presence of twist 3 
terms. 

The twist 3 contribution to charged current and electromagnetic structure functions can be 
obtained using the relations 



dxx^{Ag^ (x, Q"^ 



n + l 



x 



/ dxx'^{ngJix,Q') + {n + l)g^2{x,Q')) = E ^^f^ 

Jo n 4: 



The definitions of the matrix elements d'^ imply 

12(n-l) /-i 



dxx^{Ag, - ^—g.Y^-'^P 



X 



n 



[ dxx^{ngi + (n + 1)5(2} 
Jo 



n 



■yp—yn 



2,4 ... . 



(78) 



n 



2,4 ... .(79) 



The analytic continuation in n for this relation finally yields the new integral relation among 
only twist 3 contributions 

'^"-'^^(x, Q') = 12 xg'^\x, Q') - / dyg'^\y, Q') . (80) 



^This relation corresponds to the Callan-Gross Ig^l relation for unpolarized structure functions since the 
spin dependence enters the tensors of 54 and 55 in WJ^^,, eq. (H), in terms of the overall factor S.q. 
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6 Sum Rules 



A summary of sum rules derived by different techniques in the hterature is given in Table 2. 
Here we discuss first the twist 2 contributions and consider deep-inelastic scattering off massless 
quarks only. Most of the sum rules concern relations between the different neutral and charged 
current structure functions. In some cases relations to the first moment of a combination of 
polarized parton densities as 



9a 
9\ 



9f 



dx 



Am(x) + Am(x) - Ac?(x) - M{x) 



dx [/S.uv{x) — /S.dv{x)] 



dx 



Au{x) + Au{x) + Ad{x) + Ad{x) - 2 (As(x) + As{x)) 



dx [Auv{x) + Adv{x)] 



(81) 



are considered. In most of the studies three massless flavors were assumed. Other sum rules 
being based on SU{6) symmetry were discussed in refs. [|], ^ . 

Before we will consider specific sum rules, we summarize the basic relations obtained in 
the previous sections. We consider the longitudinal and transverse projection of the hadronic 
tensor, W^J^ and W^^, respectively. The different relations between the twist 2 contributions to 
the structure functions are illustrated schematically in Figure 1. 



lyll 



V 



T 



p p 

+ — 9i{x) 



V 



Dicus 



\ 

9fMu95{x) 



Wandzura — Wilczek 



this paper, eq. (F 



W, 



iSfiuap [gi{x) + g2{x)\ + - 



2u 



93[X) 



Aq 



Aq 



Aq 



Aq 



Figure 1 : Relations between the twist 2 contributions of the polarized structure functions 
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The structure functions gi{x), g^^x), and (75 (x) contribute to the longitudinal projection, 
whereas the transverse projection contains gi{x) + g2{x) and (73 (x). As shown above, the twist 2 
contributions to the structure functions gi{x) and g2{x) are oc Ag(x) + Ag(x), while gsix), g^i^x) 
and g^i^x) oc Aq{x) — Aq{x). Except for valence approximations, strict relations between the 
twist 2 contributions to the structure functions can only be obtained either for gi{x) and 5^2 (x) 
or (73 (x), (74(0;) and g^{x). While the two non-singlet structure functions in Wjl^, are related by 
a factor^ only, the two integral relations eqs. ( p^J7T| ) relate the contributions oc Ag(x) + Ag(x) 
and oc Ag(x) — Ag(x) contained in lyj^, and VT^, respectively. 

A series of sum rules derived previously is verified in the context of the operator product 
expansion, see Table 2. However, some relations could not be confirmed. Among the latter are 
those which were derived using the collinear parton model [0, in which the structure functions 
cannot be described correctly for the case of transverse nucleon polarization. We could also not 
confirm the relations 

^4(x, Q') - g^{x, = 2x(75(x, Q^) (82) 
of ref. [0, which disagrees with Dicus' relation, and 



di'jCtjC 







n — 7 



gA{x,Q'^) + 2g3{x,Q'^^ 



n 



(83) 



from ref. |]T6[. The latter two relations were derived using the operator product expansion. 

Some other relations, as the Burkhardt-Cottingham sum rule, for different currents, and 
eq. (23) in Table 2 are consistent with the analytic continuations of the relations derived in 
section 5, but are not obtainable in the framework of the local operator product expansion. 

We would like to comment on eqs. (2) and (3) in Table 2 in more detail. They differ by a 
factor of two in the right hand side from the corresponding relations (29) and (30), Table 2, 

24x[(<7i + ^72)^^-(^7i+^72)^1 = ^73^-^73^ (84) 
24x[^7r-^7r] = (^73 - 2^74)^" - (^73 - 2^74)'^^ (85) 

This difference has a subtle reason, which can be traced back to the ansatz for the polarization 
vector Ua- We will use the covariant parton model to illustrate this aspect. As shown in ref. 



the results obtained in this approach are completely equivalent to those found using the local 
operator product expansion for — > in lowest order QCD. 

In refs. [|n|, |[ ( see also |[) the relation 

ria oc Sa (86) 

was used, with nucleon spin vector. As a result, linear relations between longitudinal and 
transverse spin-dependent structure functions are implied, which violate the Wandzura-Wilczek 
relation, the new relation (^), and yield the extra factor of two in eqs. (Q,^). 



Let us compare the derivation of eq. (|8^ in refs. ||TT|, |T2|, ^ with the calculation performed 
in the covariant parton model in ref. [^. The spin-dependent part of the hadronic tensor has 
the following form 

W,M. P,S) = Y.j d'kAf,{q, k, S)wlMk + q? - ^J], (87) 



^In the valence approximation a similar relation is obtained for gi{x) + g2{x) and gz{x). 
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where w^^, is quark tensor, and Afq{P, k, S) is a function, which is related to the polarized 
quark distributions. 

In lowest order QCD the spin-dependent part of the quark tensor has the following form 

= iSfiua^l^gAigA^kanp + {gA^gA; + 9V^gV2)<lanf3] 

+ Ma^ [^k^n^ - {n ■ q)gf,^] + gA,gv2 [^n^K - {n ■ q)g^^] , (88) 
where n is the partonic spin vector. 



While in the covariant parton model |jT8| the (off-shell) parton spin vector reads 



the representation 



= . "^'^'^ {K - ^P.) , (89) 



n. ^ (90) 



was used in |]ri| 



One obtains 

W.u''''' = Y.l^(^ j d'k^dy^Uy^k')^^^ 

+ {.gA^gA2 + gv^9v2)(laSi3\ + gv,gA2[^xP^,S^ - iS.q)gf,^] 

+ 9A^gv2['^xS^P^ - {S.q)g^,y]^. (91) 

Afq{y, k"^) is independent from the nucleon spin, with k = xP + yq' + k±_ and q' = q + xP. 

The projections on the structure function combinations for photon and charged current 
interactions are 

2 

ifYi r ~ 

W,,^'^^^- = ^e,,^pq^SpY.^^^Y]^Jd'k^dyAfq{y,e) (92) 



and 



Tjr iy±, spin rT^^fXuaf} r SjJ tj . ^ q \ q^ -^M'^'^ + ^i^^t^ 
W^^u - [ ^ [p-^qa^(3 + qa^(3)-^X 

+ 9,AS.q)] E J d'k^dyAfqiy, k'). (93) 

From (H) and (|9|) 

12x[{g, + g^Y^ - {gi + ^2)^"] = g^ - 93" (94) 

follows, which differs from eq. (P^). 

In the covariant parton model, on the other hand, the distribution 

A/(p .k,k-s, e) = J-^r^(p . k, k'), (95) 
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depends on the nucleon spin. As lined out in refs. [jT8| and |Q the structure functions gi{x) 
are represented by 



91 




8 . 


/ dy{2x - 

1 X 


-y)h{y), 


92 




aT^xM 


/ dy{2y- 

fx 


- ^x)h{y) 


8 . 


9iix) +92 


[x) 


(XTlXlVi 

8 . 


' X 


x)h{y), 


93 


[^) 


2 


f dy{y- 

J X 


-x)h{y), 


9i 


[x) 


4 


/ dy{2x 

J X 


-y)Hy), 


95 




hirxM"^ 
8 J 


t dy{2x- 

X 


-y)Hy), 



(96) 

where a = gA^9A2 + 9v^9v2, b = 9v^9A2 + 9v29a^, y = x + k\/{xM'^) and 

h{y)= I dk^Aj^-^{y,k^). (97) 



From these relations eq. ( p^ is obtained. This example clearly demonstrates, how carefully 
calculations in partonic approaches have to be performed to obtain correct results for the 
polarized structure functions contributing to IV^. 
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Table 2 : A comparison of different structure function relations (twist 2) derived in the literature 
with the results obtained in the local operator product expansion in section 5. The signs in the last 
column mark agreement or disagreement. 



sum rule 



ref. 



11, 10, 16, 23 



12x[{g, + g2YP - (gi + (72)^"] = g^ - g7 



I2x[gf - gT] = {gz - 2g,r^ - {gs - 2g,) 



vp 



I2x{gr - gT) = gT - g? 



3 dx{gr - gT) - t d<9r + gT) = -\g\ 

Jo Jo D 



6 dxigT - gT) - t dx{gT - gT' 

Jo Jo 



-gA 



12 f dx{gT - gT) - f -{g? - gT) = -2^. 

Jo Jo X 



i2x[gT-gT] = gT-9? 



12 



dx[{g, + g^r^-{g, + g2r^]=g\ 



10 



1 dx 



X 



[g? + g?] = -g'A 



11 



f dxgj = 
Jo 



17 



\2A 



18 



sum rule 



ref. 



12 



dxx{gi + 2^2)"^""^ = 







13 



rdxig,-2xg,r+'P = 
Jo 



14 



dxig,-gsr+'^ = 



15 



/' dx{gr - gD = gA 

Jo 



16 



X 



17 



X 



18 



9^-93 = 20:5(5 



19 



1 - 7 

da;x"(^— 54 + 2^3) = 
ri + 1 



m 



20 



= 2x5(5 



21 



5^3 = 91 



22 



9l = 9f = 



23 
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sum rule 


ret. 


rriq = (J 


24 


/ C?X^3 - ^4^ ^"^'^'^ = 
JO 


23 




25 


J 






26 


rdxx[^7i + 2^72]^"-^" = 

JO 




+ 


27 


/■I 

/ (iajfo^, - 2a;oO^''+^^''^'^ = 

JO 




1 


28 


/ dx^ ^ = 4^A 

JO X 


this paper 


+ 


29 


2Ax[{g, + ^s)'^^ - {gi + ^72)^"] = gT - g? 




+ 


30 


24x[(7r - gT] = {gs - 2g^r^ - ((73 - 2g^rP 




+ 


31 


I' dx{g? + gT) dx{g7 + gT) = y/a 




+ 



Recently, a sum rule for the valence part of the structure functions gi{x, Q^) and g2{x, Q^) 

dxx{g^{x) + 2g^{x)) = (98) 

JO 

was discussed in ref. ] in the context of a 'field-theoretic' framework. 

Since the valence parts gY{x) and (7^(0;) cannot be isolated for electromagnetic interactions 
from the complete structure functions, a formulation of eq. (p8| ) with the help of the local 
operator product expansion is thus not straightforward. On the other hand, one may consider 
eqs. (pl| ) and (^2|) from which 

dxx [g^ (x, Q ) +2^2 [x, Q )) = 2^ ^ , n = l,3 ... (99) 



This sum rule was found firstly in ref. [T^ for a specific flavor combination. 

20 



follows for the charged current case. It is easily seen that the left hand side of eq. (^) includes 
only valence quark contributions. We may even rewrite eq. (|99|) for individual quark flavors 
separately 

/' dxx-{gr%x, Q') + 2^r^(x, = '>^n' ' {n- l)al'^) ^ ^ = 1,3..., (100) 
JO 4(n + 1) 

where (ij^^, are the valence parts of the corresponding matrix elements. 
For the first moment of this equation one obtains 

/' dxx{gX'{x, Q') + 2gl%x, Q')) = ^4'^. (101) 
Jo o 

The right hand side of eq. ( |101[ ) vanishes in the case of massless quarks, because 

{PS\q{^p^,D'^ - ^^^,D^)q\PS) = dX\S^P^^ - S^^P^) = m^{PS\qi^,a^^q\PS) . (102) 



Therefore eq. (0) can be derived in the operator product expansion. 

We mention that the local operator product expansion for the valence parts of the gi and 
g2 contains only the odd moments of the structure functions, whereas the operator product 
expansion for the complete structure functions gi{x, Q"^) and g2{x, Q^) (|56|) , (^) concerns the 
even moments. 

The matrix element in (|102|) is related to the first moment of the structure function 

hix) @ 

(PSlqi-f^a^^qlPS) = ^{P^S" - P^S^), (103) 

where ^ 

6q= f dx{hl{x) -hlix)), (104) 



and hi{x), h\{x) are the quark and antiquark transversity functions, respectively, which can be 
measured in the Drell-Yan process. 



7 Conclusions 

We have derived the twist 2 and twist 3 contributions to the polarized structure functions 
in lowest order QCD for the general case of both neutral and charged current electroweak 
interactions. The results were obtained using the local operator product expansion. The twist 
2 parts of the five structure functions per current combination are not independent but related 
by three linear operators, the Wandzura-Wilczek relation, a relation by Dicus and a new integral 
relation. A new relation between twist 3 contributions to the structure function g2{x,Q'^) and 
g3{x,Q'^) was derived. It was shown, that a relation between the valence contributions of the 
structure functions (y'i(x, Q^) and g2{x,Q'^), eq. (p^), can be derived using the local operator 
product expansion. 
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